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Abstract
We consider the moment map m :PVn/iuðnÞ for the action of GLðnÞ on Vn ¼
L2ðCnÞn#Cn: The critical points of the functional Fn ¼ jjmjj2 :PVn/R are studied, in order
to understand the stratiﬁcation of LnCPVn deﬁned by the negative gradient ﬂow of Fn; where
Ln is the algebraic subset of all Lie algebras. We obtain a description of the critical points
which lie in Ln in terms of those which are nilpotent, as well as the minima and maxima
of Fn :Ln/R: A characterization of the critical points modulo isomorphism, as the union of
categorical quotients of suitable actions is considered, and some applications to the study
of Ln are given.
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1. Introduction
The space of all complex Lie algebras of a given dimension n can be naturally
identiﬁed with the set Ln of all Lie brackets on C
n: Since the Jacobi identity is
determined by polynomial conditions, Ln is an algebraic subset of the vector space
Vn of skew-symmetric bilinear maps from C
n  Cn to Cn: The isomorphism class of a
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Lie algebra mALn is then given by the orbit GLðnÞ:m under the ‘change of basis’
action of GLðnÞ on Vn: This action is very unpleasant from the point of view of
invariant theory since any mAVn is unstable (i.e. 0AGLðnÞ:m), which makes very
difﬁcult the study of the quotient spaceLn=GLðnÞ parameterizing Lie algebras up to
isomorphism.
Nevertheless, Kirwan [8] and Ness [17] have showed that the moment map for an
action can be used to study the orbit space of the null-cone (set of unstable vectors).
Let m :PV/ik be the moment map for the action of a complex reductive Lie group
G with maximal compact subgroup K on a vector space V : An orbit G:v is closed if
and only if G:½v meets m1ð0Þ and the intersection is a single K-orbit (see [7]), where
½v denotes the class of v in the projective space PV : Let XCPV be a G-invariant
projective algebraic variety. The so-called categorical quotient X==G parameterizing
closed orbits is homeomorphic to ðX-m1ð0ÞÞ=K ; which is precisely the symplectic
reduction when X is nonsingular.
It is proved in [8,17] that the remaining critical points of F ¼ jjmjj2 :PV/R
(i.e. such that FðxÞ40) are all in the null-cone and in some sense, their orbits play
the same role that the closed orbits in the set of semistable points (i.e. 0eG:v). For
instance, if C denotes the set of critical points of F then C-G:½v is either empty or a
single K-orbit, and they are minima of F jG:½v: It is then natural to consider a wider
quotient X ---G; which shall be called Kirwan–Ness quotient, given by
X ---G ¼ ðX-CÞ=K :
Recall that if the action contains the homotheties fv/tv : tACng; then we may
also deﬁne the Kirwan–Ness quotient for the action of G on an algebraic G-variety
XCV by
X ---G ¼ fvAX : ½vACg=CnK ;
and clearly X ---G ¼ pðXÞ---G; where p : V \f0g/PV is the usual projection map.
This new quotient X ---G is not a projective algebraic variety (not even Hausdorff) as
in the case of X==G; but nevertheless, its topology is not so wild. Indeed, X ---G can
be decomposed as a disjoint union of projective algebraic varieties with a respectable
frontier property, coming from the stratiﬁcation deﬁned by the negative gradient
ﬂow of F (see Section 2).
Let us now go back to the variety of Lie algebras. We note that Ln==GLðnÞ
consists of only one point, the abelian Lie algebra, and we will show that to consider
SLðnÞ-orbits does not help much, indeed, Ln==SLðnÞ ¼ semisimple Lie algebras
(and the abelian Lie algebra). The aim of this paper is to initiate the study of the
Kirwan–Ness quotient Ln---GLðnÞ; or Ln---GLðnÞ; where Ln ¼ pðLnÞ: How special
are the Lie algebras which are isomorphic to a critical point of Fn :PVn/R? The
main result is that the study of Ln---GLðnÞ reduces essentially to the understanding
ofNn---GLðnÞ; whereNn is the subvariety of nilpotent Lie algebras. Our real goal is,
however, the possible applications of this ‘moment map’ approach to the study of
degenerations, rigidity and of the irreducible components of Ln:
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The moment map is in our case a UðnÞ-equivariant function m :PVn/iuðnÞ;
where iuðnÞ denotes the space of hermitian matrices. It comes from the Hamiltonian
action of UðnÞ on the symplectic manifold PVn: One ﬁxes an inner product /; S on
Cn and considers the corresponding UðnÞ-invariant inner products on Vn and iuðnÞ;
respectively, naturally associated with /; S: For each mAVn with jjmjj ¼ 1; mð½mÞ is
deﬁned as the derivative at the identity of the function GLðnÞ/R; g/jjg:mjj2: It will
be proved that
mð½mÞ ¼ Mm :¼ 4
X
i
ðadm XiÞnadm Xi þ 2
X
i
adm Xiðadm XiÞn; jjmjj ¼ 1;
where fX1;y; Xng is any orthonormal basis of Cn: We now consider the functional
Fn :PVn/R given by Fnð½mÞ ¼ jjmð½mÞjj2 ¼ tr M2m: Some of the remarkable
properties of Fn; its gradient ﬂow and their critical points can be summarized as
follows (see Section 2):
* gradðFnÞ½m ¼ 8p* dmðMmÞ; jjmjj ¼ 1; where dm : glðnÞ/Vn coincides with the
coboundary operator relative to adjoint cohomology when m is a Lie algebra, and
p
*
denotes the derivative of p : Vn\f0g/PVn:
* The gradient of Fn is then always tangent to the GLðnÞ-orbits, and so ½m is a
critical point of Fn if and only if it is such for FnjGLðnÞ:½m: Thus, the negative
gradient ﬂow of Fn stays in the orbit of the starting point ½l and therefore it gives
rise to a distinguished degeneration from l to a critical point m (i.e. mAGLðnÞ:l).
* If ½m is a critical point of Fn then FnjGLðnÞ:½m attains its minimum value at ½m; and
any other critical point in GLðnÞ:½m belongs to UðnÞ:½m:
* ½mAPVn is a critical point of Fn if and only if Mm ¼ cI þ D for some cAR
and DADerðmÞ: In this case, a positive multiple of D has nonnegative
integer eigenvalues ki; say with multiplicities di; and c can be computed in
terms of these integers. The critical point ½m is said to be of type a ¼
ðk1o?okr; d1;y; drÞ:
* Any critical point ½m admits a ZX0-gradation. If mALn then k140 if and only if m
is nilpotent, and so any nilpotent Lie algebra which is a critical point of Fn is N-
graded.
* There are ﬁnitely many types of critical points, say a1;y; as:
* If Ca is the set of critical points of Fn of type a; then the quotient space Ca=UðnÞ ¼
GLðnÞ:Ca=GLðnÞ is homeomorphic to the categorical quotient of a suitable
action, and so it is a projective algebraic variety (see [16]).
* Let SaCPVn be the set of all the points which are carried by the negative gradient
ﬂow of Fn to a critical point of type a: Then
PVn ¼ Sa1,?,Sas
determines a stratiﬁcation of PVn; for which each stratum Sai is locally closed,
irreducible and nonsingular.
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We are interested in the stratiﬁcation of Ln given by
Ln ¼ ðSa1-LnÞ,?,ðSas-LnÞ;
and consequently in the critical points of Fn which lie in Ln (see Section 4). The
Kirwan–Ness quotient admits a decomposition
Ln---GLðnÞ ¼ Xa1,?,Xas ðdisjoint unionÞ;
where each Xai is homeomorphic to Cai=UðnÞ and the following frontier property
holds: there is a partial order on the indexing set fa1;y; asg such that
%XaCXa,
[
b4a
Xb:
If a ¼ ð0; nÞ then Xa consists of ﬁnitely many points: the semisimple Lie algebras of
dimension n:
We ﬁrst study extremal points of Fn : Ln/R; proving that the minimum value is
attained at semisimple Lie algebras and the maximum value at the direct sum of the
three-dimensional Heisenberg Lie algebra and the abelian algebra.
As expected, several strong compatibility properties between a Lie bracket m and
the ﬁxed inner product /; S are necessary in order for ½m to be a critical point of
Fn: For instance, there must exist an orthonormal decomposition C
n ¼ h"a"n;
with h a semisimple Lie subalgebra of m; a abelian, mðh; aÞ ¼ 0 and n the nilradical of
m; such that the adjoint action of the reductive part h"a of m on the underlying inner
product space ðCn;/; SÞ is as nice as possible. More precisely,
(i) adm A is a normal operator (and so semisimple) for every AAa:
(ii) The real subalgebra k ¼ fAAh : ðadm AÞn ¼ adm Ag is a maximal compact
subalgebra of h; that is, h ¼ k þ ik:
(iii) The hermitian inner product /; S on h"a is given by
/A; BS ¼  4
cm
1
2
tr adm Aðadm BÞnjh þ tr adm Aðadm BÞnjn
 
; A; BAh"a:
We have obtained the following characterization of Lie algebras which are critical
points of Fn (see Theorem 4.7 for a precise statement).
Theorem 1.1. ½mALn is a critical point of Fn if and only if there exists an orthonormal
decomposition Cn ¼ r"n; where r is a reductive Lie subalgebra of m with the properties
that ðadm AÞnADerðmÞ for any AAr; n is the nilradical of m and mjnn is also a critical
point of the corresponding Fm; m ¼ dim n:
Thus, the classiﬁcation of critical points of Fn in Ln reduces to the determination
of those which are nilpotent. There is an intriguing interplay between nilpotent
critical points and Riemannian geometry (see Remark 4.9).
ARTICLE IN PRESS
J. Lauret / Journal of Functional Analysis 202 (2003) 392–423 395
In Section 5, the closed subset ACLn of Lie algebras having a codimension one
abelian ideal is considered, in order to exemplify most of the notions studied in this
paper. Finally, in Section 6, we consider for each type a ¼ ðk1o?okr; d1;y; drÞ
the action of the reductive Lie subgroup
G˜a ¼ gAGLðd1Þ ?GLðdrÞ :
Yr
i¼1
ðdet giÞki ¼ det g ¼ 1
( )
on
Va ¼ fmAVn : DaADerðmÞg;
where Da is the diagonal matrix with entries ki and multiplicities di: If m˜ :PVa/i*ka
denotes the moment map for this action then m˜1ð0Þ ¼ PVa-Ca and the semistable
points PV ssa ¼ PVa-Sa: Thus the categorical quotient PVa==G˜a coincides with
PVa-Ca=K˜a ¼ Ca=UðnÞ; which parameterizes the critical points of type a; modulo
isomorphism.
As an application, we study the SLðnÞ-action onLn; obtaining that the semistable
points are precisely the semisimple Lie algebras and moreover, we show that SLðnÞ:m
is closed if and only if m is semisimple. A new proof of the rigidity (i.e. GLðnÞ:m open
in Ln) of semisimple Lie algebras is also obtained. We ﬁnally give a complete
description of the case n ¼ 4:
2. A stratiﬁcation of the null-cone
Let G be a complex reductive Lie group acting on a ﬁnite-dimensional
complex vector space V ; and let XCV be a G-variety, that is, an algebraic variety
which is G-invariant. The main problem of geometric invariant theory is to
understand the orbit space of the action of G on X ; parameterized by the quotient
X=G (we refer to [18] for further information). The standard quotient topology of
X=G can be very ugly, for instance, if x degenerates to y (i.e. yAG:x) and G:xaG:y
then they cannot be separated by G-invariant open neighborhoods and so X=G is
usually non-Hausdorff.
In order to avoid this problem one may consider a smaller quotient X==G
parameterizing only closed orbits. Mumford [16] proved that X==G is again an
algebraic variety; indeed, X==G ¼ SpecðC½X GÞ; that is, X==G is the algebraic
variety with coordinate ring C½X G; the G-invariant polynomials on X : Consider
q : X/X==G the morphism of algebraic varieties determined by the inclusion
C½X G/C½X : X==G is called the categorical quotient for the action of G on X since
it satisﬁes the following universal property in the category of all algebraic varieties:
for any morphism of algebraic varieties a : X/Y that is constant on G-orbits there
exists a unique morphism b : X==G/Y such that a ¼ b3q: The uniqueness of an
object with such a property is clear from the deﬁnition. D. Luna proved that
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actually, X==G satisﬁes the same universal property in the category of all Hausdorff
topological spaces. Recall that the usual quotient X=G would be the categorical
quotient in the category of topological spaces.
The price to pay for a Hausdorff quotient is that in some cases X==G classiﬁes
only a very few orbits. If we have for example that the homotheties fv/tv : tACng
are contained in the action of G on V then f0g will be the unique closed orbit, and
hence X==G will consist of only one point: too expensive. This is also clear from the
fact that in such a case C½V G ¼ constant polynomials.
The aim of this section is to describe a wider quotient X ---G; which of course is
non-Hausdorff but it still satisﬁes some properties very similar in spirit to those of
X==G: We call X ---G the Kirwan–Ness quotient for the action of G on X since its
deﬁnition comes from some remarkable properties of the moment map for an action
proved independently by Ness [17] and Kirwan [8], which we now overview.
Assume V is endowed with an hermitian inner product /; S which is invariant
under the action of the maximal compact subgroup KCG: For each vAV deﬁne
rv : G/R; rvðgÞ ¼ jjg:vjj2 ¼ /g:v; g:vS:
Let ðdrvÞe : g/R denote the differential of rv at the identity e of G: It follows from
the K-invariance of /; S that ðdrvÞe vanishes on k; and so we may view
ðdrvÞeAgn=kn; where gn and kn are the vector spaces of real-valued functionals on the
Lie algebras of G and K ; respectively. Since G is reductive g ¼ k þ ik; thus we may
deﬁne a function
m :PV/ik; ðmðxÞ; AÞ ¼ ðdrvÞeAjjvjj2 ; 0avAV ; x ¼ ½v; ð1Þ
where ð; Þ is an AdðKÞ-invariant real inner product on ik and PV is the projective
space of lines in V : If p :V \f0g/PV denotes the usual projection map, then pðvÞ ¼
½v ¼ x: Under the natural identiﬁcations ik ¼ ikn ¼ kn; the function m is the moment
map from symplectic geometry, corresponding to the Hamiltonian action of K on
the symplectic manifold PV (see for instance the survey [9] or [16, Chapter 8]).
Deﬁnition 2.1. A vector vAV is said to be unstable if 0AG:v; the closure of the orbit
G:v; and semistable if 0eG:v: The set NCV of unstable vectors is called the null-cone
and the set of semistable vectors is denoted by V ss:
The set V ss is open in V : A well-known result due to Kempf and Ness [7] asserts
that an orbit G:v is closed if and only if G:½v meets m1ð0Þ; and in that case the
intersection coincides with K :½v: For any vAV ss there is a unique closed orbit in G:v;
and we then say that vBw if the closures of their orbits contain the same closed orbit.
If PV ss ¼ pðV ssÞ; then the so-called categorical quotient PV==G ¼ PV ss=B is
homeomorphic to m1ð0Þ=K ; the symplectic quotient or reduced (phase) space of the
symplectic manifold PV at the level 0.
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Consider the functional square norm of the moment map
F :PV/R; FðxÞ ¼ jjmðxÞjj2 ¼ ðmðxÞ; mðxÞÞ: ð2Þ
Thus, an orbit G:v is closed if and only if FðxÞ ¼ 0 for some xAG:½v; and in that
case, the set of zeros of F jG:x coincides with K :x: Moreover, PV ss is the set of points
½vAPV with the property that the limit of the negative gradient ﬂow of F is in
m1ð0Þ: A natural question arises: what is the role played by the remaining critical
points of F :PV/R (i.e. those for which FðxÞ40) in the study of the G-orbit space
of the action of G on PV ; as well as on other complex projective G-varieties
contained in PV? This was precisely the aim of the paper [17] (see also [8]), where it is
shown that the nonminimal critical points have inﬂuence in the study of the orbit
space of the null-cone.
Theorem 2.2 (Ness [17]). Let F jG:x denote the restriction of F :PV/R to the G-orbit
of xAPV : If x is a critical point of F then
(i) F jG:x attains its minimum value at x:
(ii) F jG:x attains its minimum value only on the orbit K :x:
The nonminimal critical points (i.e. FðxÞ40) are all in the null-cone, that is, 0AG:v;
x ¼ ½v:
The proof of part (i) of the above theorem is based in the presently well-known
convexity properties of moment maps (see [9]).
Theorem 2.3 (Ness [17]). The negative gradient flow of F :PV/R determines a
stratification of the null-cone N: A stratum S/hS of N; hAik; is the set of all the points
xAPV which flow into C/hS; where C/hS is the set of critical points y of F such that
mnðyÞAAdðKÞ:h: Moreover,
(i) For each stratum S/hS there exists a subspace V/hSCV and a reductive subgroup
G/hSCG such that C/hS=K ¼ PV/hS==G/hS; and hence C/hS=K is a projective
algebraic variety.
(ii) There are finitely many strata.
(iii) Each stratum S/hS is Zariski-locally closed, irreducible and nonsingular.
Therefore, one may conclude that there exist also distinguished orbits in the
null-cone N; namely those containing a critical point of F ; which would play in
some sense the same role as the closed orbits in V ss: If C denotes the set of all
critical points of the functional F ¼ jjmjj2 :PV/R; then it is natural to
deﬁne the Kirwan–Ness quotient for the action of G on a projective G-variety
XCPV by
X ---G :¼ CX=K ; CX ¼ C-X :
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It follows from Theorem 2.2(ii), that X ---G ¼ GCX =G and thus X ---G
parameterizes precisely those G-orbits containing a critical point of F : We note
that if the action of G on V contains the homotheties fv/tv : tACng; then we may
also deﬁne the Kirwan–Ness quotient for the action of G on an algebraic G-variety
XCV by
X ---G ¼ fvAX : ½vACg=CnK ;
and clearly X ---G ¼ pðXÞ---G: This new quotient X ---G is not a projective algebraic
variety (not even Hausdorff) as in the case of X==G; but it still has some nice
properties. Let B denote the ﬁnite set indexing the strata described in Theorem 2.3.
Consider the following partial order in B: aob if Fð½vÞoFð½wÞ for ½vACa; ½wACb:
We have that
%SaCSa,
[
b4a
Sb;
and therefore the Kirwan–Ness quotient can be decomposed as the disjoint
union
X ---G ¼
[
aAB
Xa
of the projective algebraic varieties Xa ¼ ðCa-X Þ=K; satisfying the following
frontier property:
%XaCXa,
[
b4a
Xb:
Recall that for a ¼ /0S; we have Xa ¼ PV==G; the categorical quotient.
Fix a maximal torus TCG and a Borel subgroup TCBCG: Thus, B determines a
positive Weyl chamber itþCit; where t is the Lie algebra of T : Since m :PV/ik is
K-equivariant, for any xAPV ; mðK :xÞ has a unique point of intersection mˇðxÞ with
itþ; thus determining a function
mˇ :PV/itþ:
Theorem 2.4 (Mumford [15]). The image via mˇ of any G-invariant closed set in PV is
a rational convex polytope in itþ; that is, the convex hull of a finite number of points
with rational coordinates.
We also have that FðxÞ is precisely the square of the distance from the origin in ik
to the point mˇðxÞ in the polytope mˇðG:xÞ:
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3. The moment map for skew-symmetric algebras
The object of this section is to study the notions described in Section 2 for the
GLðnÞ-action on the vector space where Lie algebras live. Some of the results given
here follow readily from the general case proved in [17], but since the adaptation can
be sometimes rather difﬁcult, we have argued directly in our particular situation for
completeness.
Let Vn ¼ L2ðCnÞn#Cn be the vector space of all alternating bilinear maps from
Cn  Cn to Cn; or in other words, the space of all skew-symmetric (nonassociative)
algebras of dimension n: There is a natural action of GLðnÞ ¼ GLðn;CÞ on Vn
given by
g:mðX ; Y Þ ¼ gmðg1X ; g1YÞ; X ; YACn; gAGLðnÞ; mAVn: ð3Þ
We note that any mAVn is in the null-cone, since for gt ¼ tI we have that
lim
t-0
g1t :m ¼ lim
t-0
tm ¼ 0;
and so 0AGLðnÞ:m: The usual hermitian inner product /; S on Cn; deﬁnes a UðnÞ-
invariant hermitian inner product on Vn; denoted also by /; S; as follows:
/m; lS ¼
X
ijk
/mðXi; XjÞ; XkS/lðXi; XjÞ; XkS; ð4Þ
where fX1;y; Xng is any orthonormal basis of Cn: The Lie algebra of GLðnÞ
decomposes glðnÞ ¼ uðnÞ þ iuðnÞ in skew-hermitian and hermitian transformations,
respectively, and an AdðUðnÞÞ-invariant hermitian inner product on glðnÞ is given by
ðA; BÞ ¼ tr ABn; A; BAglðnÞ: ð5Þ
Thus we use ð; Þ to identify iuðnÞ with iuðnÞn: For each mAVn; consider the
hermitian map MmAiuðnÞ deﬁned by
Mm ¼ 4
X
i
ðadm XiÞnadm Xi þ 2
X
i
adm Xiðadm XiÞn; ð6Þ
where the adjoint map adm X :C
n/Cn or left multiplication by X of the
algebra m is given, as usual, by adm XðYÞ ¼ mðX ; YÞ: It is a simple calculation to
see that
/MmX ; YS ¼  4
X
ij
/mðX ; XiÞ; XjS/mðY ; XiÞ; XjS
þ 2
X
ij
/mðXi; XjÞ; XS/mðXi; XjÞ; YS ð7Þ
for all X ; YACn: We will see below that the map m/Mm is precisely the moment
map for action (3). The action of glðnÞ on Vn obtained by differentiation of (3) is
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given by
A:m ¼ dmðAÞ ¼ Amð; Þ  mðA; Þ  mð; AÞ; AAglðnÞ; mAVn: ð8Þ
If mAVn satisﬁes the Jacobi condition, then dm : glðnÞ/Vn coincides with the
cohomology coboundary operator of the Lie algebra ðCn; mÞ from level 1 to 2,
relative to cohomology with values in the adjoint representation. Recall that
Ker dm ¼ DerðmÞ; the Lie algebra of derivations of the algebra m: The following
technical lemma will be crucial in several proofs throughout the paper.
Lemma 3.1. Let p : glðnÞ/iuðnÞ be the projection relative to the decomposition
glðnÞ ¼ uðnÞ þ iuðnÞ; and let dnm : Vn/glðnÞ denote the transpose of dm : glðnÞ/Vn;
relative to the hermitian inner products ð; Þ and /; S; on glðnÞ and Vn; respectively.
(i) If M : Vn/iuðnÞ is defined by MðmÞ ¼ Mm for every mAVn; then
ðdMÞm ¼ 4p3dnm:
(ii) trMmD ¼ 0 for any DAiuðnÞ-DerðmÞ:
(iii) trMm½A; AnX0 for any AADerðmÞ: Equality holds if and only if we also have that
AnADerðmÞ:
Proof. (i) Consider the line mþ tl with m; lAVn; tAR: Using (7), for any AAiuðnÞ we
obtain that
ððdMÞmðlÞ; AÞ ¼ tr AðdMÞmðlÞ ¼
X
pr
/ðdMÞmðlÞXp; XrS/AXp; XrS
¼
X
pr
d
dtj0
/MmþtlXp; XrS/AXp; XrS
¼
X
pr
X
ij
4/lðXp; XiÞ; XjS/mðXr; XiÞ; XjS
 
 4/mðXp; XiÞ; XjS/lðXr; XiÞ; XjS
þ 2/lðXi; XjÞ; XpS/mðXi; XjÞ; XrS
þ 2/mðXi; XjÞ; XpS/lðXi; XjÞ; XrS
!
/AXp; XrS:
We now interchange, in even lines, the indexes p and r; obtaining that
ððdMÞmðlÞ; AÞ ¼Re
X
prij
8/mðXr; XiÞ; XjS/lðXp; XiÞ; XjS/AXp; XrS
þ 4/mðXi; XjÞ; XrS/lðXi; XjÞ; XpS/AXp; XrS:
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On the other hand, we have that
/l; dmðAÞS ¼
X
pij
/lðXp; XiÞ; XjS/dmðAÞðXp; XiÞ; XjS
¼
X
pij
/lðXp; XiÞ; XjS/mðAXp; XiÞ; XjS
þ/lðXp; XiÞ; XjS/mðXp; AXiÞ; XjS
/lðXp; XiÞ; XjS/AmðXp; XiÞ; XjS
¼
X
pijr
/lðXp; XiÞ; XjS/mðXr; XiÞ; XjS/AXp; XrS
þ/lðXp; XiÞ; XjS/mðXp; XrÞ; XjS/AXi; XrS
/lðXp; XiÞ; XjS/mðXp; XiÞ; XrS/AXj; XrS:
By interchanging the indexes p and i in the second line, and p and j in the third one,
we get
/l; dmðAÞS ¼ 2
X
prij
/lðXp; XiÞ; XjS/mðXr; XiÞ; XjS/AXp; XrS
/lðXi; XjÞ; XpS/mðXi; XjÞ; XrS/AXp; XrS:
We then can deduce from the two computations above that
ððdMÞmðlÞ; AÞ ¼ 4 Re/l; dmðAÞS ¼ 4 ReðdnmðlÞ; AÞ ¼ Reð4p3dnmðlÞ; AÞ;
for every AAiuðnÞ; which concludes the proof of (i).
(ii) Using that 2Mm ¼ ddtj0 ð1þ tÞ
2Mm ¼ ddtj0 Mmþtm ¼ ðdMÞmðmÞ and part (i), we
obtain that
trMmD ¼ 12 trðdMÞmðmÞD ¼ 2 tr p3dnmðmÞD
¼  2 ReðdnmðmÞ; DÞ ¼ 2 Re/m; dmðDÞS ¼ 0:
(iii) It follows easily from the K-invariance of /; S on Vn that
/A:m; lS ¼ /m; An:lS
for any AAglðnÞ: We then have by part (i) that
trMm½A; An ¼ 12 trðdMÞmðmÞ½A; An ¼ 2 ReðdnmðmÞ; ½A; AnÞ
¼  2 Re/m; dmð½A; AnÞS ¼ 2 Re/m; ½A; An:mS
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¼ 2 Re/m; A:ðAn:mÞ  An:ðA:mÞS ¼ 2 Re/m; A:ðAn:mÞS
¼ 2/An:m; An:mSX0;
and it equals 0 if and only if An:m ¼ 0; that is, AnADerðmÞ: &
We now calculate the moment map and the gradient of the functional square norm
of the moment map, obtaining a rather computable characterization of their critical
points, which will be very useful.
Proposition 3.2. The moment map m :PVn/iuðnÞ; the functional square norm of the
moment map Fn ¼ jjmjj2 :PVn/R and the gradient of Fn are, respectively, given by
mð½mÞ ¼ Mm; Fnð½mÞ ¼ tr M2m; gradðFnÞ½m ¼ 8p* dmðMmÞ; jjmjj ¼ 1; ð9Þ
where p
*
denotes the derivative of p : Vn\f0g/PVn; the canonical projection.
Moreover, the following statements are equivalent:
(i) ½mAPVn is a critical point of Fn:
(ii) ½mAPVn is a critical point of FnjGLðnÞ:½m:
(iii) Mm ¼ cI þ D for some cAR and DADerðmÞ:
Proof. For any AAiuðnÞ we have that
ðdrmÞI ðAÞ ¼
d
dt
j0/etA:m; etA:mS ¼ 2 Re/dmðAÞ; mS ¼ 2 ReðA; dnmðmÞÞ:
Now, using Lemma 3.1(i), we get
ðdrmÞI ðAÞ ¼ 2 Re/A;14 ðdMÞmðmÞS ¼ ReðA;MmÞ ¼ Re trMmA;
which proves the formula for m: The ﬁrst assertion on Fn is self-evident. To
prove the second one, we only need to compute the gradient of Fn : Vn/R; FnðmÞ ¼
tr M2m; and then to project it via p* : If m; lAVn; then it follows from Lemma 3.1(i),
that
Re/gradðFnÞm; lS ¼
d
dt
j0Fnðmþ tlÞ ¼
d
dt
j0 tr M2mþtl ¼ 2 Re tr
d
dt
j0Mmþtl
 
Mm
¼ 2 ReððdMmÞmðlÞ;MmÞ ¼ 8 ReðdnmðlÞ;MmÞ
¼  8 Re/l; dmðMmÞS:
This implies that gradðFnÞm ¼ 8dmðMmÞ; concluding the proof of (9).
The equivalence between (i) and (ii) has been observed in [17], and it
follows from the fact that gradðFnÞ½mAT½mGLðnÞ:½m for any ½mAPVn: Indeed, by
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(9) we have that
gradðFnÞ½m ¼ 8p*
d
dt
j0etMm :m
 
¼ 8 d
dt
j0etMm :½m:
In order to prove that (i) is equivalent to (iii), recall ﬁrst that Ker p
*
ðmÞ ¼ Cm: Hence
we obtain from (9) that ½m is a critical point of Fn if and only if dmðMmÞACm; or
equivalently, MmACI"DerðmÞ; since dmðIÞ ¼ m and Ker dm ¼ DerðmÞ (see (8)). If
Mm ¼ cI þ D with cAC and DADerðmÞ; then it is evident that D is normal, and so Dn
is also a derivation of m (see Lemma 3.1(iii)). Let D ¼ Ds þ Dh be the skew-hermitian
and hermitian parts of D: Since Ds ¼ i ImðcÞI has to be a derivation we get that
Ds ¼ 0; and therefore Mm ¼ cI þ Dh and cAR; as it was to be shown. &
In the frame of skew-symmetric algebras, the result due to Ness given in Theorem
2.2 can be stated as follows.
Theorem 3.3 (Ness [17]). If ½m is a critical point of the functional Fn :PVn/R given
by Fnð½lÞ ¼ tr M2l ðjjljj ¼ 1Þ; then
(i) FnjGLðnÞ:½m attains its minimum value at ½m:
(ii) ½lAGLðnÞ:½m is a critical point of Fn if and only if ½lAUðnÞ:½m:
We now describe some particular features of the critical points and the
stratiﬁcation for our case.
Lemma 3.4. Let ½mAPVn be a critical point of Fn; say Mm ¼ cmI þ Dm for some
cmAR and DmADerðmÞ: Then cm ¼ tr M
2
m
tr Mm
¼  1
2
tr M2m
jjmjj2 ; and if Dma0 then tr Dm40 and
cm ¼  tr D
2
m
tr Dm
:
Proof. Both assertions follow from the fact that trMmDm ¼ 0 (see Lemma 3.1(ii))
and trMm ¼ 2jjmjj2: &
The proof of the following rationality result, which is just a bit stronger than the
one given in [17, Section 4] for the general case, is based on the proof by Heber of
[6, Theorem 4.14].
Theorem 3.5. Let ½mAPVn be a critical point of Fn; with Mm ¼ cmI þ Dm for some
cmAR and DmADerðmÞ: Then there exists c40 such that the eigenvalues of cDm are all
nonnegative integers prime to each other, say k1o?okrAZX0 with multiplicities
d1;y; drAN:
Proof. If Dm ¼ 0 then there is nothing to prove, so we assume Dma0: Consider
Cn ¼ g1"?"gr the orthogonal decomposition in eigenspaces of Dm; say
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Dmjgi ¼ ciIgi with c1o?ocr: Since DmADerðmÞ we have that mðgi; gjÞCgk if and
only if ci þ cj ¼ ck; otherwise mðgi; gjÞ ¼ 0: A crucial point here is that any hermitian
map A of Cn deﬁned by Ajgi ¼ aiIgi ; satisfying ai þ aj ¼ ak for all i; j; k such
that ci þ cj ¼ ck; is also a derivation of m: Now, using Lemmas 3.1(ii) and 3.4,
we get
tr DmA ¼ cm trA ¼ 
tr D2m
tr Dm
tr A ð10Þ
for every A satisfying the above conditions. In other words, if fe1;y; erg denotes
the canonical basis of Rr and a ¼P c2i =P ci; then (10) says that the vector
ðc1  a;y; cr  aÞ is orthogonal to F>; where
F ¼ fei þ ej  ek : ci þ cj ¼ ckg:
This implies that ðc1  a;y; cr  aÞA/FS (subspace of Rr linearly spanned by F ),
and thus
ðc1  a;y; cr  aÞ ¼
Xs
p¼1
bpðeip þ ejp  ekpÞ; bpAR;
where feip þ ejp  ekp : p ¼ 1;y; sg is a basis of /FS: We now consider the ðs  rÞ-
matrix
E ¼
ei1 þ ej1  ek1
^
eis þ ejs  eks
2
64
3
75; so that EEtAGLðs;QÞ;
and furthermore
E
c1
^
cr
0
B@
1
CA ¼ 0; E
1
^
1
0
B@
1
CA ¼
1
^
1
0
B@
1
CA and Et
b1
^
bs
0
B@
1
CA ¼ ðc1  a;y; cr  aÞ:
This implies that
1
a
ðc1;y; crÞ ¼ ð1;y; 1Þ  EtðEEtÞ1
1
^
1
0
B@
1
CAAQr ð11Þ
as it was to be shown. It remains to prove that 0pc1: If DmX ¼ c1X then c1 adm X ¼
adm DmX ¼ ½Dm; adm X ; and therefore
c1 tr adm Xðadm XÞn ¼ tr Dm½adm X ; ðadm XÞn ¼ trMm½adm X ; ðadm XÞnX0;
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by Lemma 3.1(iii). If we assume adm Xa0; we obtain that c1X0: Otherwise, if
adm X ¼ 0 then 0p/MmX ; XS ¼ ðcm þ c1Þ/X ; XS; and so c140 since cmo0 by
Lemma 3.4. &
Deﬁnition 3.6. The data set ðk1o?okr; d1;y; drÞ in the above theorem is called the
type of the critical point ½m:
Proposition 3.7. In any fixed dimension n; there are only finitely many types of critical
points of Fn :PVn/R:
Proof. Eq. (11) says that the numbers k1;y; kr can be recovered from the
knowledge of r and the ﬁnite set Fn alone. Thus, the ﬁniteness of the types
follows from the ﬁniteness of the partitions n ¼ d1 þ?þ dr and the different
sets Fn: &
Since the null-cone of Vn is all of Vn; the strata S/hS’s described in
Theorem 2.3 determines a stratiﬁcation of Vn: The set of types of critical points
is in bijection with the set of strata. Indeed, for a type a ¼ ðk1o?okr; d1;y; drÞ
we deﬁne
ha ¼ k
2
1d1 þ?þ k2r dr
k1d1 þ?þ krdr I þ
k1Id1
&
krIdr
2
64
3
75AiuðnÞ;
where Idi denotes the di  di identity matrix. Thus the set Ca ¼ C/haS given in
Theorem 2.3 is precisely the set of critical points ½m of Fn :PVn/R such that
mð½mÞ ¼ Mm ¼ cmI þ Dm is conjugate to ha; or equivalently,
Ca ¼ f½mAPVn : ½m is a critical point of Fn of type ag:
This implies that each stratum is of the form Sa ¼ S/haS for some type a; where
Sa ¼
½lAPVn : the limit of the gradðFnÞ
flow starting from ½l is in Ca
( )
: ð12Þ
If a1;y; ar are the different types of critical points then
PVn ¼ Sa1,?,Sas
determines a stratiﬁcation of PVn; for which each stratum Sai is locally
closed, irreducible and nonsingular. If mˇ :PVn/iuðnÞþ is the function
considered in Theorem 2.4, then mˇð½mÞ ¼ ha for any critical point ½m of
type a:
Since gradðFnÞ is always tangent to GLðnÞ-orbits, we have that the stratiﬁcation of
any GLðnÞ-invariant projective algebraic variety XCPVn is obtained just by
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intersecting the stratum Sa of PVn with X : In view of the equivalence between (i) and
(ii) in Proposition 3.2, the critical points of Fn : X/R are precisely the critical points
of Fn :PVn/R which lie in X : Thus, we will often refer to them just as critical points
of Fn:
The following two propositions on the critical values of Fn and abelian factors
were proved in [14, Section 3].
Proposition 3.8. Let ½mAPVn be a critical point of Fn of type ðk1o?okr; d1;y; drÞ;
different from ð0; nÞ: Then,
Fnð½mÞ ¼ 4 n  ðk1d1 þ?þ krdrÞ
2
k21d1 þ?þ k2r dr
 !1
:
Proposition 3.9. Let ½mAPVn and ½lAPVm be critical points of Fn and Fm;
respectively. Then the direct sum ½m"clAPVnþm is a critical point of Fnþm for a
suitable cAR: If in addition l is abelian, then Fnð½mÞ ¼ Fnþmð½m"lÞ and the type of
½m"l is given by
ak1o?o
k21d1 þ?þ k2r dr
d
o?oakr; d1;y; m;y; dr
 
;
where d ¼ mcdðk1d1 þ?þ krdr; k21d1 þ?þ k2r drÞ and a ¼ k1d1þ?þkrdrd : In case that
k2
1
d1þ?þk2r dr
d
¼ aki for some i; then the multiplicity is m þ di:
4. Critical points in the variety of Lie algebras
The space of all n-dimensional complex Lie algebras can be naturally identiﬁed
with the subset LnCVn of all Lie brackets. Ln is an algebraic set, since the Jacobi
identity is given by polynomial conditions. The isomorphism class of a Lie algebra
mALn is then the orbit GLðnÞ:m under the ‘change of basis’ action of GLðnÞ on Ln
given in (3).
Deﬁnition 4.1. We say that m degenerates to l if lAGLðnÞ:m; which will be often
denoted by m/l:
Every degeneration will be assumed to be nontrivial, that is, l lies in the boundary
of GLðnÞ:m: If m/l then we may say roughly that l is ‘more abelian’ than m; in fact,
dimDerðlÞ4dimDerðmÞ; dim lðCn;CnÞpdim mðCn;CnÞ; dim zðlÞXdim zðmÞ and
abðlÞXabðmÞ; where zðmÞ denotes the center of m and abðmÞ is the dimension of a
maximal abelian subalgebra of m (see [2]).
We note that the gradðFnÞ ﬂow mðtÞ deﬁnes a degeneration (possibly trivial) of
the starting point mð0Þ to a critical point of Fn; since mðtÞAGLðnÞ:mð0Þ for any t:
Therefore, such a distinguished degeneration associates to each Lie algebra m ¼ mð0Þ
a ZX0-graded Lie algebra l ¼ limt-0 mðtÞ; and there are ﬁnitely many possible
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gradations. It is easy to see that if m is nilpotent then the associated l is actually N-
graded.
Let Ln be the projective algebraic variety obtained by projectivization of the
algebraic variety LnCVn of n-dimensional Lie algebras, that is, Ln ¼ pðLn\f0gÞ:
We are interested in the Kirwan–Ness quotient Ln---GLðnÞ; and thus we want to
understand the critical points of Fn which lie in Ln; where Fn is the functional square
norm of the moment map (see Section 3). A ﬁrst natural question would be to ﬁnd
the global minima and maxima of Fn : Ln/R:
Lemma 4.2. ½l is a critical point of Fn of type ð0; nÞ (i.e. MlARI) if and only if
Fnð½lÞ ¼ 4n: In that case, Fn :PVn/R attains its minimum at ½l:
Proof. It follows from the formula
Fnð½mÞ ¼ 4
trM2m
ðtr MmÞ2
; ½mAPVn;
and a standard analysis of the function f :Rn/R; f ðc1;y; cnÞ ¼ c21 þ?þ c2n=
ðc1 þ?þ cnÞ2:
Theorem 4.3. Assume there exists a semisimple Lie algebra of dimension n: Then
Fn : Ln/R attains its minimum value at a point ½lAGLðnÞ:½m if and only if m is
semisimple. In such a case, Fnð½lÞ ¼ 4n:
Proof. If m is semisimple, then by standard methods we can get a basis fYig of Cn
which is orthonormal with respect to a suitable hermitian inner product /; S0; such
that the ‘Casimir’ map satisﬁes
Pðadm YiÞ2ARI and adm Yi is skew-hermitian relative
to /; S0 for all i: Deﬁne gAGLðnÞ by gYi ¼ Xi and consider l ¼ g:m; where fXig is
any orthonormal basis of Cn relative to our ﬁxed inner product /; S: We note that
for any transformation T of Cn; the adjoints of T relative to /; S and /; S0 are
related by ðgTg1Þn ¼ gT * 0g1: Thus the moment map at l is given by
Ml ¼  4
X
i
ðadl XiÞnadl Xi þ 2
X
i
adl Xiðadl XiÞn
¼  4
X
i
ðg admðg1XiÞg1Þng admðg1XiÞg1
þ 2
X
i
g admðg1XiÞg1ðg admðg1XiÞg1Þn
¼  4
X
i
gðadmYiÞ*
0
g1g adm Yig1 þ 2
X
i
g adm Yig
1gðadm YiÞ*
0
g1
¼ 2g
X
i
ðadm YiÞ2g1ARI :
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This means that ½l ¼ ½g:mAGLðnÞ:½m is a critical point of Fn of type ð0; nÞ; and thus
½l is a minimum of Fn (see Lemma 4.2).
Conversely, assume ½lAGLðnÞ:½m is a minimum of Fn : Ln/R: Thus Ml ¼ cI for
some co0 (see Lemma 4.2). It is clear that m is semisimple if and only if l is so. Let sl
denote the radical of l and let g ¼ h"sl the orthogonal decomposition. We also
decompose orthogonally sl ¼ a"nl ¼ a"v"zl; where nl ¼ lðsl; slÞ and zl is the
center of the nilpotent Lie algebra ðnl; ljnlnlÞ: Suppose that zla0 and consider an
orthonormal basis fHig; fAig; fVig and fZig of h; a; v; zl; respectively. If fXig ¼
fHig,fAig,fVig,fZig then for every ZAzl;
04/MlZ; ZS ¼  4
X
ij
j/lðZ; XiÞ; XjSj2 þ 2
X
ij
j/lðXi; XjÞ; ZSj2
¼  4
X
ij
j/lðZ; HiÞ; ZjSj2  4
X
ij
j/lðZ; AiÞ; ZjSj2
þ 4
X
ij
j/lðZi; HjÞ; ZSj2 þ 4
X
ij
j/lðZi; AjÞ; ZSj2 þ bðZÞ;
where bðZÞ ¼ 2 Pij j/lðXi; XjÞ; ZSj2X0; Xi; XjAfHig,fAig,fVig (note that
both adl h and adl a leave invariant zl). This implies that
04
X
k
/MlZk; ZkS ¼
X
k
bðZkÞX0;
which is a contradiction. Thus zl has to be f0g and hence sl is abelian. Now, by
applying the same argument to a nonzero AAsl we also get a contradiction, which
implies that sl ¼ 0: Therefore l is semisimple. &
Remark 4.4. The second part of the above proof implies that any mALn for which
there exists lAGLðnÞ:m such that all eigenvalues of Ml are negative, must be
semisimple. In particular, GLðnÞ:m contains a critical point of type ð0; nÞ if and only
if m is semisimple. Moreover, the stratum Sð0;nÞ-Ln is precisely the set of semisimple
Lie brackets. Indeed, for any ½lASð0;nÞ; the gradðFnÞ ﬂow flðtÞgCGLðnÞ:½l
starting from ½l converges to a critical point of type ð0; nÞ and so the eigenvalues of
MlðtÞ will be negative for sufﬁciently large t:
Proposition 4.5. Assume there does not exist a semisimple Lie algebra of dimension n:
(i) If there exists an ðn  1Þ-dimensional semisimple Lie algebra, then Fn : Ln/R
attains its minimum value at some point in GLðnÞ:½m if and only if m is isomorphic
to a reductive Lie algebra with one-dimensional center.
(ii) If there is no any ðn  1Þ-dimensional semisimple Lie algebra, then Fn : Ln/R
attains its minimum value at some point in GLðnÞ:½m if and only if m is isomorphic
to the direct sum of an ðn  2Þ-dimensional semisimple Lie algebra and the only
two-dimensional non-abelian Lie algebra.
In both cases, the type is ð0o1; n  1; 1Þ and the minimum value equals 4
n1:
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Proof. It follows from Proposition 3.9 that the orbits considered in both cases
contain a critical point of Fn of type ð0o1; n  1; 1Þ: Thus the critical value is 4n1 by
Proposition 3.8. It then sufﬁces to prove that Fnð½mÞ4 4n1 for any critical point
½mALn of type ðk1o?okr; d1;y; drÞ different from ð0; nÞ; as there is no any
semisimple Lie algebra of dimension n (see Remark 4.4). Actually, we will not use the
fact that mALn:
We have that k1d1 þ?þ krdr4kr; therefore
k1d1P
kidi
k1 þ?þ krdrP
kidi
krpkrok1d1 þ?þ krdr:
This implies that k21d1 þ?þ k2r droðk1d1 þ?þ krdrÞ2; and hence we obtain from
Proposition 3.8 that
Fnð½mÞ ¼ 4 n  ðk1d1 þ?þ krdrÞ
2
k21d1 þ?þ k2r dr
 !1
o 4
n  1;
concluding the proof. &
If m is semisimple then the minimum ½lAGLðnÞ:½m of Fn : Ln/R is
also a minimum of Fn :PVn/R (see Lemma 4.2). On the contrary, the
minima given in Proposition 4.5 are not minima of Fn :PVn/R: In fact, if
½lAPLnz ðz ¼ 1 or 2) is a semisimple critical point such that Ml ¼ 12ðn  zÞI ;
then it is easy to check that the bilinear form mAVn; where we consider Cn ¼
Cz"Cnz; deﬁned by
mðX1; XÞ ¼ X 8XACnz; mjCnzCnz ¼ l;
mðX1; X2Þ ¼ ðn  2Þ
1
2ðX1 þ X2Þ ðif z ¼ 2Þ;
is a critical point of Fn :PVn/R of type ð0; nÞ: Consequently Fnð½mÞ ¼ 4n; and so ½m
is a minimum of Fn :PVn/R by Lemma 4.2.
We now study the maxima of Fn : Ln/R: Let mhe; mhy denote the Lie brackets
deﬁned by
mheðX1; X2Þ ¼ X3; mhyðX1; XiÞ ¼ Xi; i ¼ 2;y; n;
and zero otherwise. Note that mhe is isomorphic to the direct sum of the three-
dimensional Heisenberg Lie algebra and an abelian Lie algebra.
Theorem 4.6. The functional Fn : Ln/R attains its maximum value at ½mALn if and
only if mAGLðnÞ:½mhe: Furthermore, Fnð½mheÞ ¼ 12:
Proof. Assume that ½m is a maximum of Fn : Ln/R: This implies that ½m is a critical
point of Fn : GLðnÞ:½m/R and thus ½m is a critical point of Fn :PVn/R (see
ARTICLE IN PRESS
J. Lauret / Journal of Functional Analysis 202 (2003) 392–423410
Proposition 3.2). But then it follows from Theorem 3.3(i), that ½m is also a minimum
for Fn : GLðnÞ:½m/R; and hence we obtain that Fn : GLðnÞ:½m/R is a constant
function. Therefore, every ½lAGLðnÞ:½m is a critical point of Fn : Vn/R by
Proposition 3.2 and so ½m must satisfy the following rather strong condition (see
Theorem 3.3(ii)):
GLðnÞ:½m ¼ UðnÞ:½m: ð13Þ
In particular, the only possible degeneration of m is m/0: By Lauret [13,
Theorem 5.2] (see also [5]), we have that mhe and mhy are the only Lie algebras
which satisfy (13). It is easy to see that ½mhe and ½mhy are critical points of type
ð2o3o4; 2; n  3; 1Þ and ð0o1; 1; n  1Þ; respectively, and so it follows from
Proposition 3.8 that
Fnð½mheÞ ¼ 1244 ¼ Fnð½mhyÞ;
concluding the proof. &
We now prove the main result of this paper, that is, a description of the Lie
algebras which are critical points of Fn; in terms of the nilpotent critical points of the
functionals Fm with mpn:
Theorem 4.7. Let ½mALn be a critical point of Fn of type ð0ok2o?okr; d1;y; drÞ;
and consider Cn ¼ g1"g2"?"gr; the eigenspace decomposition of Mm ¼ cmI þ Dm:
Then the following conditions hold:
(i) n ¼ g2"?"gr is the nilradical of m and mn ¼ mjnn is in his turn a
critical point of the functional Fm of type ðk2o?okr; d2;y; drÞ; where
m ¼ n  d1:
(ii) g1 is a reductive Lie subalgebra of m:
(iii) ðadm AÞnADerðmÞ for any AAg1:
Conversely, let ½lALm be a critical point of Fm of type ðk2o?okr; d2;y; drÞ;
which is necessarily nilpotent, and let rCDerðlÞ be a reductive Lie subalgebra
of dimension d1 such that A
nADerðlÞ for every AAr: Then the semidirect
product m ¼ ½; rl determines a critical point ½mALn of Fn of type
ð0ok2o?okr; d1;y; drÞ; where n ¼ d1 þ m and ½;  denotes the Lie bracket of r:
The fixed inner product considered on Cn ¼ r"Cm is the extension of the given one on
Cm by setting
/A; BS ¼  4
cl
1
2
tr ad Aðad BÞn þ trABn
 
; A; BAr:
Proof. We ﬁrst prove condition (iii), since it will be crucial in the proof of
the other assertions in the theorem. If XAg1 then ½Dm; adm X  ¼ adm DmX ¼ 0; and
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therefore
0 ¼ tr½Dm; adm X ðadm XÞn ¼ tr Dm½adm X ; ðadm XÞn ¼ tr Mm½adm X ; ðadm X Þn:
Thus (iii) follows from Lemma 3.1(iii).
We now prove (ii). Recall that g1 is a subalgebra of m due to the ZX0-gradation
of m deﬁned by Dm: Consider the orthogonal decomposition g1 ¼ h"a; where
h ¼ mðg1; g1Þ: We denote by ½;  the Lie bracket m restricted to the subalgebra g1
and by ad its adjoint representation. If XAg1 then by (iii), the maps
ad X ; ðad XÞn : g1/g1 have to leave invariant h; which shows that a is an
abelian factor of g1 and so ½h; h ¼ h: Since ad X and ðad X Þn must also leave
invariant the center of h for every XAg1; we obtain that the center of h equals 0.
Moreover, h is semisimple. Indeed, since Ker B ¼ fHAh : BðH; Þ  0g ðB the
Killing form of hÞ is DerðhÞ-invariant, we have that ðKer BÞ> is also an ideal of h:
This implies that Ker B is a solvable Lie algebra since its Killing form is identically
zero. But we have that ½Ker B;Ker B ¼ Ker B; and so Ker B ¼ 0; which concludes
the proof of (ii).
We ﬁnally prove (i). It follows from (ii) that s ¼ a"n is the radical of m: If AAa
belongs to the maximal nilpotent ideal of s; then adm A : n/n is nilpotent. But
condition (iii) implies that ðadm AÞn is a derivation, that is also nilpotent. It is easy to
see that this is possible only if adm A ¼ 0; and this implies that A ¼ 0: Indeed, if fXig
is an orthonormal basis of n then by (7) we have that
cm/A; AS ¼/MmA; AS
¼  4
X
ij
/mðA; XiÞ; XjS/mðA; XiÞ; XjS
þ 2
X
ij
/mðXi; XjÞ; AS/mðXi; XjÞ; AS
¼  4 tr adm Aðadm AÞn ¼ 0:
Thus n is the nilradical of m:
If HAh; then by (iii) and the semisimplicity of h we have that
ad H ¼ adm Hjh ¼ 12 ðadm H  ðadm HÞnÞjh þ 12 ðadm H þ ðadm HÞnÞjh ¼ ad X þ ad Y
for some X ; YAh; and so H ¼ X þ Y since h has no center. This implies that there is
an orthonormal basis fAig of g1 such that adm Aijg1 is skew-hermitian for any i: By
(7) we have that for X ; YAn;
/MmX ; YS ¼/MmnX ; YS 4
X
ij
/mðAi; XÞ; XjS/mðAi; YÞ; XjS
þ 4
X
ij
/mðAi; XjÞ; XS/mðAi; XjÞ; YS
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or, in other terms,
Mmjn ¼ Mmn þ 4
X
i
½adm Ai; ðadm AiÞnjn:
Now, by applying Lemma 3.1(ii) for mn and using (iii), we obtain that
0 ¼ tr Mmn ½adm Ai; ðadm AiÞnjn
for all i: In the same way,
0 ¼ trMm½adm Ai; ðadm AiÞn ¼ tr Mm½adm Ai; ðadm AiÞnjn
¼ trMmjn½adm Ai; ðadm AiÞn:
The last two equalities imply that the hermitian operator
T ¼
X
i
½adm Ai; ðadm AiÞnjn
satisﬁes tr T2 ¼ 0; and so T ¼ 0: Therefore, Mmjn ¼ Mmn ; and consequently,
Mmn ¼ cmI þ Dmjn; that is, ½mn is a critical point of Fm of type
ðk2o?okr; d2;y; drÞ; as asserted. This concludes the proof of (i).
We now prove the converse assertion. Consider the subalgebra of DerðlÞ given by
*r ¼ fAADerðlÞ : AnADerðlÞg:
Thus *r ¼ *k þ i*k; where
*k ¼ fAADerðlÞ : An ¼ Ag;
and so *r is reductive. In fact, for the inner product on *r deﬁned by /A; BS1 ¼
tr ABn; we have that
ðad AÞ* 1 ¼ adðAnÞ 8AA*r; ð14Þ
and hence /; S1 is ad *k-invariant.
The Lie algebra *h ¼ ½*r; *r is semisimple and it is easy to see that each of their simple
factors *hi satisﬁes that AnA*hi for all AA*hi: Since rC*r and so h ¼ ½r; rC½*r; *r ¼ *h; we
obtain that AnAh for any AAh as well, and therefore
h ¼ k þ ik; where k ¼ fAAh : An ¼ Ag: ð15Þ
We deﬁne the ﬁxed inner product on Cn ¼ r"Cm; also denoted by /; S; as follows:
/r;CmS ¼ 0; /; SjCmCm ¼ /; S and
/A; BS ¼  4
cl
1
2
tr ad Aðad BÞ* 1 þ tr ABn
 
; A; BAr: ð16Þ
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It is easy to see that the adjoints of ad B with respect to the inner products /; S and
/; S1 coincide. It follows from (14) and (15) that there exists an orthonormal basis
fHig of h such that adm Hi :Cn/Cn is skew hermitian for all i: In particular, there is
an orthonormal basis fAig of r such that adm Aijr is skew hermitian for all i:
Now, we just have to follow the proof of the ﬁrst part of the theorem in the
converse direction. As in the second part of the proof of (i), we obtain that Mmjn ¼
Ml ¼ clI þ Dl: If fXig is an orthonormal basis of Cm then for AAr and XACm we
have that
/MmX ; AS ¼ 4
X
ij
/mðX ; XiÞ; XjS/mðA; XiÞ; XjS ¼ 4 tr adl XAn ¼ 0;
since An is the sum of a skew-hermitian and a hermitian derivation of l and adl X is
nilpotent. If A; BAr and we now denote by fXig an orthonormal basis of Cn which
contains fHig; then by (7) we have that
/MmA; BS ¼  4
X
ij
/mðA; XiÞ; XjS/mðB; XiÞ; XjS
þ 2
X
ij
/mðXi; XjÞ; AS/mðXi; XjÞ; BS
¼  4 tr adm Aðadm BÞn þ 2
X
ij
/mðHi; HjÞ; AS/mðHi; HjÞ; BS
¼  2 tr ad Aðad BÞ* 1  4 tr ABn: ð17Þ
It then follows easily from (15), (17) and the deﬁnition of /; Sjrr given in (16) that
Mmjr ¼ clI : We conclude that Mm ¼ clI þ *Dl; where *Dljr  0 and *DljCm ¼ Dl; and
hence m is a critical point of type ð0ok2o?okr; d1;y; drÞ; as it was to be
shown. &
From the proof of the theorem, we can deduce the following compatibility
properties at a critical point ½m of Fn; between the Lie bracket m and the ﬁxed inner
product on Cn:
Proposition 4.8. Let ½mALn be a critical point of Fn of type ð0ok2o?okr;
d1;y; drÞ (i.e. k1 ¼ 0), and consider Cn ¼ g1"g2"?"gr; the eigenspace decom-
position of Mm ¼ cmI þ Dm: Let g1 ¼ h"a with h semisimple and a the center of g1:
Then the following conditions hold:
(i) adm A is a normal operator for every AAa:
(ii) The real subalgebra k ¼ fAAh : ðadm AÞn ¼ adm Ag is a maximal compact
subalgebra of h; that is, h ¼ k þ ik:
(iii) The hermitian inner product on g1 satisfies
/A; BS ¼  4
cm
1
2
tr adm Aðadm BÞnjh þ tr adm Aðadm BÞnjn
 
; A; BAg1:
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Proof. Parts (ii) and (iii) follow directly from the proof of Theorem 4.7. We
now prove (i). If AAa then ðadm AÞnADerðmÞ by Theorem 4.7(iii). This implies
that
0 ¼ admððadm AÞn AÞ ¼ ½ðadm AÞn; adm A;
which concludes the proof. &
Roughly speaking, Theorem 4.7 says that the study of the Lie algebras which
are critical points of Fn reduces to the understanding of those which are nilpotent.
In other words, it sufﬁces to describe the Kirwan–Ness quotient Nn---GLðnÞ;
where NnCLnCPVn is the algebraic subvariety of all nilpotent Lie
algebras.
Remark 4.9. We would like to point out a somewhat mysterious characterization of
the Kirwan–Ness quotient Nn---GLðnÞ (over R) in terms of Riemannian geometry:
the classiﬁcation of the nilpotent critical points of Fn :Ln/R is equivalent to the
classiﬁcation up to isometry of all left invariant Riemannian metrics on nilpotent Lie
groups which are Ricci solitons (see [11]), and also of all Einstein left invariant
Riemannian metrics on solvable Lie groups (see [6,12]). A crucial point here is that
the moment map Mm coincides with the Ricci operator of a certain Riemannian
metric naturally associated with m:
We now give some known examples of nilpotent critical points, most of which
come from the interplay mentioned above.
Example 4.10. (i) A two-step nilpotent Lie algebra m is a critical point of Fn of type
ð1o2; d1; d2Þ if and only if MmjzðmÞ and MmjzðmÞ> are both a multiple of the identity,
where zðmÞ is the center of m and dim zðmÞ ¼ d2: Thus any Heisenberg-type Lie
algebra (see [1]) and any two-step nilpotent Lie algebra constructed via a
representation of a compact Lie group (see [10]), contain a critical point in their
orbits (over R). In [4], curves of critical points of type ð1o2; 5; 5Þ and ð1o2; 6; 3Þ are
given.
(ii) Any nilpotent Lie algebra with a codimension one abelian ideal contains a
critical point of Fn in its orbit (see Section 5).
(iii) Every nilpotent Lie algebra of dimension p5 is isomorphic to a critical point
of Fn (see [14]).
(iv) The lowest possible dimension for the existence of a curve of nonisomorphic
nilpotent critical points of Fn is n ¼ 7; and an example of such a curve is given
in [14].
(v) It has been recently proved in [19] that any six-dimensional nilpotent Lie
algebra contains a critical point of F6 in its orbit.
On the other hand, since any nilpotent critical point is necessarily N-graded,
we have that a characteristically nilpotent Lie algebra (i.e. DerðmÞ nilpotent)
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can never be a critical point of Fn: The ﬁrst dimension where these Lie algebras
appear is n ¼ 7:
5. Lie algebras with a codimension one abelian ideal
We consider the closed subset of Lnþ1 given by
A ¼ fmALnþ1 : m has an abelian ideal of dimension ng:
The aim of this section is to illustrate, via a study of A; most of the notions
considered in this paper. It follows from [13, Theorem 6.2] that if a Lie algebra
degenerates to an element inA; then it has to lie inA: This implies that the stratum
Sð0o1;1;nÞCA (see (12)).
By ﬁxing a decomposition Cnþ1 ¼ CH"Cn; every element inA is isomorphic to a
mAA having Cn as the required abelian ideal. In this case, m is determined by the
matrix A ¼ adm HjCnAglðnÞ; and so it will be denoted by mA: It is easy to see that mA
is isomorphic to mB; A; BAglðnÞ; if and only if A is conjugate to B up to scaling. In
other words, isomorphism classes ofA are parameterized by glðnÞ=GLðnÞ; under the
action
j:A ¼ ðdet jÞjAj1; jAGLðnÞ; AAglðnÞ: ð18Þ
It is not difﬁcult to prove that for a nonnilpotent A;
DerðmAÞ ¼
0 0
* B
" #
: BA ¼ AB; BAglðnÞ
( )
; ð19Þ
and if A is nilpotent then
DerðmAÞ ¼ CD"
0 0
* B
" #
: BA ¼ AB; BAglðnÞ
( )
; ð20Þ
where
D ¼ 1 0
0 D1
" #
; ½D1; A ¼ A:
Using formula (7) as in the proof of Theorem 4.7, we can calculate the moment map
and the functional Fnþ1 on A: We assume that the decomposition Cnþ1 ¼ CH"Cn
is orthogonal and jjHjj ¼ 1:
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Proposition 5.1. For any AAglðnÞ we have that
MmA ¼
 4 tr AAn 0
0 4½A; An
" #
:
Consequently, jjmAjj2 ¼ 2 tr AAn and Fnþ1ð½mAÞ ¼ 4þ 16 tr ½A; An2:
We deduce from the formula of Fnþ1ð½mAÞ that Fnþ1 measures how far is A from
being normal, and so if A is semisimple then the orbit GLðn þ 1Þ:½mA will contain a
critical point of Fnþ1 (see Theorem 3.3). Indeed, for any semisimple A there exists
jAGLðnÞ such that jAj1 is normal with respect to /; S; and hence if cAGLðn þ
1Þ is deﬁned by cjCH ¼ 1 and cjCn ¼ j; then c:mA ¼ mjAj1 ; and so c:mA is a critical
point of type ð0o1; 1; nÞ: However as a counterpart, there is also a critical point of
Fnþ1 in the orbits of the nilpotent mA’s.
Proposition 5.2. The orbit GLðn þ 1Þ:½mA contains a critical point of Fnþ1 if
and only if A is semisimple or nilpotent. If A is not nilpotent, then ½mA is a
critical point of Fnþ1 if and only if A is normal, and in this case, it is of type
ð0o1; 1; nÞ:
Proof. We ﬁrst assume that A is not nilpotent. If ½mA is a critical point of Fnþ1 then
MmAARI"DerðmAÞ (see Proposition 3.2(iii)). Thus it follows from (19) and
Proposition 5.1 that ½A; An commutes with A; and hence
0 0
0 ½A; An
" #
¼ 0 0
0 A
" #
;
0 0
0 An
" #" #
is a derivation of mA: Now, parts (ii) and (iii) of Lemma 3.1 imply that
0 0
0 An
" #
is also a derivation of mA; concluding that A is normal (see (19)). The type of ½mA can
be deduced from the formula
MmA ¼ 4 trAAnI þ
0 0
0 4 tr AAnI
" #
:
We now consider A nilpotent. For each r-tuple ðn1;y; nrÞ of integer
numbers satisfying n1X?XnrX0 and ðn1 þ 1Þ þ?þ ðnr þ 1Þ ¼ n; we
consider the n  n-matrix Aðn1;y;nrÞ obtained by the direct sum of the r blocks of
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the form
0
n
1
2
i &
& 0
ðjni  jðj  1ÞÞ
1
2 0
& &
n
1
2
i 0
2
6666666666664
3
7777777777775
; where j ¼ 1;y; ni:
By a straightforward computation, one can see that
MmAðn1 ;y;nrÞ
ARI"DerðmAðn1 ;y;nrÞ Þ;
and hence mAðn1 ;y;nrÞ
h i
is a critical point of Fnþ1 for any ðn1;y; nrÞ: If AAglðnÞ is
nilpotent then mA is isomorphic to mAðn1 ;y;nrÞ
h i
; where n1 þ 1X?Xnr þ 1 are the
dimensions of the Jordan blocks of A: Thus every orbit GLðn þ 1Þ:½mA with A
nilpotent contains a critical point of Fnþ1: &
Therefore, the Kirwan–Ness quotient is given by
A---GLðn þ 1Þ ¼ fmA : A semisimple or nilpotentg ¼ PCn=Sn,
[
fmAðn1 ;y;nrÞg
for n1X?XnrX0; n1 þ?þ nr ¼ n  r (see the proof of the above proposition),
where Sn denotes the symmetric group permuting the coordinates of PC
n:
Consider for each AAglðnÞ the decomposition A ¼ S þ N in their semisimple and
nilpotent parts. If Sa0; it is easy to see that the gradðFnþ1Þ-ﬂow starting from the
point ½mA converges to the critical point ½mS: Thus the stratum of type ð0o1; 1; nÞ is
given by
Sð0o1;1;nÞ ¼
[
Sa0
GLðn þ 1Þ:mA ¼ fmAA : m is not nilpotentg:
It is proved in [14] that the type of the critical point mAðn1 ;y;nrÞ
h i
is given by
* ð1oy n1
2
oy n1
2
þ 1o?o?oyþ n1
2
; 1;yÞ; if ni  eð2Þ; for each i;
* ð2o3o4; 2; n  3; 1Þ; if n1 ¼ 1; ni ¼ 0 for each iX2;
* ð2o2y neo2y ne þ 2o?o2yþ no; 1;yÞ; otherwise,
where ne and no are the greatest even and odd numbers among the ni’s respectively
and
y ¼ 1þ n1ðn1 þ 1Þðn1 þ 2Þ þ?þ nrðnr þ 1Þðnr þ 2Þ
12
:
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It is easy to check that the type of mAðn1 ;y;nrÞ
h i
coincides with the type of mAðn0
1
;y;n0rÞ
 
if
and only if ni ¼ n0i for all i: This implies that the other strata Sa-A are just the
orbits GLðn þ 1Þ:½mA for each nilpotent A:
6. Critical points and closed orbits
In this section, we show how the moduli space of isomorphism classes of critical
points of Fn of a given type can be viewed as the categorical quotient of a suitable
action (see [17, Section 9] for the general case). We ﬁx a type a ¼
ðk1o?okr; d1;y; drÞ; and denote by
Va ¼ fmAVn : DaADerðmÞg; Ga ¼ ZGLðnÞðDaÞ ¼ GLðd1Þ ?GLðdrÞ;
where
Da ¼
k1Id1
&
krIdr
2
64
3
75;
and Idi denotes the di  di identity matrix. We consider the reductive subgroup of Ga
deﬁned by
G˜a ¼ gAGa :
Yr
i¼1
ðdet giÞki ¼ det g ¼ 1
( )
:
We are interested in the action of G˜a on Va: The corresponding Lie algebras satisfy
ga ¼ *ga"CI"CDa; *ga ¼ fAAga : tr ADa ¼ trA ¼ 0g:
Let ka; *ka denote the Lie algebras of the maximal compact subgroups. It is proved in
[17] that the moment map m :PVa/ika corresponding to the action of Ga on Va is
just the restriction of m :PV/iuðnÞ to PVa; and the moment map m˜ :PVa/i*ka of
the G˜a-action on Va coincides with the composition of m :PVa/ika with the
orthogonal projection ika/i*ka:
Recall that ½mAPVa is a critical point of type a if and only if mðmÞ ¼ MmACðcaI þ
DaÞ; which is equivalent to MmACI"CDa: Since ika ¼ i*ka"ðCI þ CDaÞ is an
orthogonal decomposition, it follows that
m˜1ð0Þ ¼ PVa-Ca;
where Ca is the set of critical points of Fn :PVn/R of type a: This means that the
orbit G˜a:m of mAVa is closed if and only if G˜a:½m intersects Ca: The open set of
semistable points is precisely
PV ssa ¼ PVa-Sa; ð21Þ
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and the categorical quotient PVa==G˜a coincides with
PVa-Ca= *Ka ¼ Ca=UðnÞ;
which parameterizes the set of critical points of type a up to isomorphism. This
shows that Ca=UðnÞ is a projective algebraic variety. If a1;y; as denote the different
types of critical points of Fn : Ln/R then the stratiﬁcation of the Kirwan–Ness
quotient described in Section 2 is given by
Ln---GLðnÞ ¼ Xa1,?,Xas ðdisjoint unionÞ;
where each Xai is homeomorphic to ðLn-CaiÞ=UðnÞ and the following frontier
property holds:
%XaCXa,
[
b4a
Xb:
Recall that aob if and only if the corresponding critical values satisfy FnðaÞoFnðbÞ
(see Proposition 3.8).
Example 6.1. Consider the type a ¼ ð0; nÞ: We have that Va ¼ Vn; Ga ¼ GLðnÞ and
G˜a ¼ SLðnÞ: Thus, the set of semistable points PV ssn ¼ Sa is open in PVn and
consequently Sa-Ln is open in Ln: We know that Sa-Ln is precisely the set of
n-dimensional semisimple Lie algebras (see Remark 4.4). If Sa-Ln ¼
GLðnÞ:½m1,?,GLðnÞ:½mm; where m1;y; mm are the n-dimensional semisimple
Lie algebras up to isomorphism, then it follows from the fact that dimDerðmjÞ ¼ n
for all j that GLðnÞ:½mj-Sa-Ln ¼ GLðnÞ:½mj ; and so GLðnÞ:½mj is closed in Sa-Ln
for any j: This implies that GLðnÞ:½mi is open in Sa-Ln and so in Ln for any i: As an
immediate consequence, GLðnÞ:mi is open in Ln for any i: We therefore obtain an
alternative proof of the rigidity of semisimple Lie algebras, which makes use of any
cohomology argument.
On the other hand, we also conclude from Remark 4.4 that an orbit SLðnÞ:mCLn
is closed if and only if m is semisimple, and any non-semisimple Lie algebra l is in the
null-cone. Thus, the categorical quotient is Ln==SLðnÞ ¼ fm1;y; mmg:
We now summarize the results obtained in the above example, as a corollary of
Theorem 4.3.
Corollary 6.2. (i) The GLðnÞ-orbit of any semisimple Lie algebra is open in Ln:
(ii) The SLðnÞ-orbit of mALn is closed if and only if m is semisimple.
(iii) 0ASLðnÞ:l for any nonsemisimple lALn:
Example 6.3. If a ¼ ð0o1; 1; nÞ; then Va ¼ fmA : AAglðnÞgCACLnþ1 (see Section
5), Ga ¼ Cn GLðnÞ and G˜a ¼ f1g  SLðnÞ: The semistable points are
V ssa ¼ Va-Sa ¼ fmA : A is not nilpotentg
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and the null-cone N ¼ fmA : A is nilpotentg: An orbit G˜a:mA is closed if and only if A
is semisimple, and the categorical quotient is given by
PVa==G˜a ¼ PCn=Sn;
which parameterizes diagonal matrices up to conjugation and scaling.
In what follows, we completely develop the case n ¼ 4: A list of all four-
dimensional complex Lie algebras up to isomorphism is given in Table 1 (see [2]).
In Table 2 we give the stratiﬁcation for L4: For each type a; we describe the stratum
Sa and the categorical quotient ðL4-PVaÞ==G˜a ¼ ðL4-CaÞ=Uð4Þ; as well as
the critical values. We also denote by g the GLðnÞ-orbit in L4 of Lie algebras
isomorphic to g:
For a ¼ ð0o1o2; 1; 2; 1Þ; we have that Sa ¼ fg8ðcÞ : cACg,fg6; g7g: All of these
orbits meet Ca excepting g8ð14Þ; for which the negative gradient ﬂow of F4 converges
to the critical point in g6: Recall that the case a ¼ ð0o1; 1; 3Þ has been studied in
Section 5. Thus the Kirwan–Ness quotient L4---GLð4Þ classiﬁes all four-dimensional
Lie algebras except for g8ð14Þ; g3ð274 Þ; g5; g2ð 127; 13Þ and g2 gðgþ2Þ3;
2gþ1
ðgþ2Þ2
 
; gAC\f2g: The
negative gradient ﬂow of F4 starting from g3ð274 Þ; g5; g2ð 127; 13Þ and g2 gðgþ2Þ3;
2gþ1
ðgþ2Þ2
 
converges to the critical point in g1ð2Þ; g1ð1Þ; g1ð1Þ and g1ðgÞ; respectively.
The classiﬁcation of all possible degenerations for four-dimensional complex Lie
algebras given in [2] can be used to check the validity of the frontier property of the
stratiﬁcations of L4 and L4---GLðnÞ:
We note that the closure Sa of any nonnilpotent stratum Sa (i.e. k1 ¼ 0) gives rise
to an irreducible component of L4: One can see that this is true for every Ln with
np7; by using the results given in [3]. We do not know if the irreducible components
of Ln can be described in this way for any value of n:
Example 6.4. The approach considered in this section has been used successfully by
Galitski and Timashev [4] in the study of two-step nilpotent Lie algebras. For a type
of the form a ¼ ð1o2; d1; d2Þ one gets Va ¼ L2ðCd1Þn#Cd2 and G˜a ¼ SLðd1Þ 
SLðd2Þ: Thus, the closed G˜a-orbits in Va are precisely those which contain a critical
point of type a: In [4] the quotient space Va=G˜a is studied by using methods in
geometric invariant theory, in the cases ðd1; d2Þ ¼ ð5; 5Þ and ð6; 3Þ: This allows to
complete the classiﬁcation of two-step nilpotent Lie algebras of dimensionp9: They
exploit the fact that in these cases, the action of G˜a on Va is not only visible (i.e.
p1ðpðmÞÞ contains ﬁnitely many orbits for any m; where p : Va/Va==G˜a), but it is
also a y-group.
Remark 6.5. As a consequence of Theorem 4.7, we have that any nilpotent
critical point of Fn admits an N-gradation. We do not know if the converse
assertion is true. For instance, if the representations L2GLðd1Þn#GLðd2Þ with d1 þ
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d2 ¼ n were nice enough, in the sense that any orbit contains a critical point of Fn;
then we would be able to describe the moduli space of all n-dimensional two-step
nilpotent Lie algebras up to isomorphism as a ﬁnite union of categorical quotients.
However, we have reasons to believe that this would be too optimistic for large
values of n:
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Table 1
Complex Lie algebras of dimension 4
g Lie brackets
C4 —
n3"C ½x1; x2 ¼ x3
r2"C
2 ½x1; x2 ¼ x1
r3"C ½x1; x2 ¼ x2; ½x1; x3 ¼ x2 þ x3
r3;l"C ½x1; x2 ¼ x2; ½x1; x3 ¼ lx3; lAC; 0ojljp1
r2"r2 ½x1; x2 ¼ x1; ½x3; x4 ¼ x3
sl2"C ½x1; x2 ¼ x3; ½x1; x3 ¼ 2x1; ½x2; x3 ¼ 2x2
n4 ½x1; x2 ¼ x3; ½x1; x3 ¼ x4
g1ðaÞ ½x1; x2 ¼ x2; ½x1; x3 ¼ x3; ½x1; x4 ¼ ax4; aACn
g2ða;bÞ ½x1; x2 ¼ x3; ½x1; x3 ¼ x4; ½x1; x4 ¼ ax2  bx3 þ x4;
aACn; bAC or a; b ¼ 0
g3ðaÞ ½x1; x2 ¼ x3; ½x1; x3 ¼ x4; ½x1; x4 ¼ aðx2 þ x3Þ; aACn
g4 ½x1; x2 ¼ x3; ½x1; x3 ¼ x4; ½x1; x4 ¼ x2
g5 ½x1; x2 ¼ 13 x2 þ x3; ½x1; x3 ¼ 13 x3; ½x1; x4 ¼ 13 x4
g6 ½x1; x2 ¼ x2; ½x1; x3 ¼ x3; ½x1; x4 ¼ 2x4; ½x2; x3 ¼ x4
g7 ½x1; x2 ¼ x3; ½x1; x3 ¼ x2; ½x2; x3 ¼ x4
g8ðaÞ ½x1; x2 ¼ x3; ½x1; x3 ¼ ax2 þ x3; ½x1; x4 ¼ x4; ½x2; x3 ¼ x4; aAC
Table 2
Stratiﬁcation for L4
a (type) Sa Ca=Uð4Þ F4ðCaÞ
ð0o1; 3; 1Þ sl2"C fpg 43
ð0o1; 2; 2Þ r2"r2 fpg 2
ð0o1o2; 1; 2; 1Þ Solvable with nilradical n3 C,fpg 3
ð0o1; 1; 3Þ Solvable with nilradical C3 PC3=S3 4
ð1o2o3o4; 1; 1; 1; 1Þ n4 fpg 6
ð2o3o4; 2; 1; 1Þ n3"C fpg 12
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